An analytical formula for the calculation of the substrate conversion under complete segregation conditions in a CSTR performing a biochemical reaction following Michaelis-Menten kinetics is obtained. The errors on the expected conversion arising from using an optimal reactor design based on the assumption of complete micromixing conditions are discussed. Methods for the determination of the optimal reactor size profile for a series of CSTR's under complete segregation conditions are reported, using the minimum of the overall space time as the objective function.
teristics have emphasized their industrial application for the catalysis of a great number of reactions within the food, medical, and cleaning fields (Arima, 1964) .
Considerable attention has been given to reactor systems consisting of a series of continuous stirred tank reactors (CSTR's) due to the simplicity of the required analysis and the great practical importance of such systems. Besides the lower construction costs when compared to classical tubular reactors, the efficient stirring of the reactor content ensures uniform temperature (thus avoiding local hot spots), coupled with ease of access to the interior surface for maintenance, and appreciable residence times (Hill, 1977) . In standard textbooks on chemical reaction engineering such as Aris (1961) and Levenspiel (1972) general concepts of reactor design and optimization for n-th order reaction kinetics are referred to, whereas Bischoff (1966) covered the field of biochemical reactions such as the Monod equation for fermentation devices. Luyben and Tramper (1982) proved that the minimum overall space time through a series of CSTR's where a single-substrate, Michaelis-Menten reaction takes place is obtained when a simple recursive relation involving the substrate concentrations at each three consecutive streams applies. Their derivation assumed a state of maximum mixedness. Malcata (1988) reported a similar mathematical procedure leading to the optimization of the size of a series of CSTR's performing Ping-Pong enzymatic reactions; later his reasoning was applied to the case of allosteric enzymes performing single substrate biochemical reactions (Malcata, 1989b) . The foregoing analyses have been extended in order to include optimization criteria based on scale-up factors for the equipment cost with respect to the size larger than unity (Malcata, 1989a) . Bailey and Ollis (1986) considered a halforder irreversible reaction ocurring in a CSTR as an approximation to the Michaelis-Menten form for a narrow range of substrate concentrations close to the kinetic constant, and reported an expression for the conversion under complete segregation. Malcata (1987) developed computer software able to numerically compute the limits of conversion for complete segregation and maximum mixedness conditions for a biochemical reaction with any given kinetic equation that takes place in a reactor with a known residence time distribution.
This Note deals with the development of a theoretical analysis for the optimal design of isothermal CSTR's in series performing a single-substrate, Michaelis-Menten reaction. The minimisation of the overall space time through the reactor network is used as the objective function, realizing that other criteria could have been used. The effect of the state of micromixing on the conversion of substrate is discussed, and iterative procedures leading to the calculation of the optimum intermediate concentrations under complete segregation are presented.
Theoretical analysis
Consider N continuous stirred tank reactors in series where an enzyme catalysed reaction takes place in the liquid phase. If the single-substrate, Michaelis-Menten kinetics is used to model the reaction system, and if maximum mixedness occurs within the reacting phase (Zwietering, 1959) , then the material balance for the substrate in reactor i can be written as The minimum overall space time through the reactor network can be obtained from Equation (2) by setting all the derivatives equal to zero (Malcata, 1989b) 
The foregoing formulae were derived on the assumption that the stirring of the fluid is very efficient so that concentration gradients on the molecular level are not allowed to build up inside the reactors.
The other limiting situation assumes no interchange between fluid elements moving through the reactor as if they were flowing through ideal plug flow reactors (Villermaux, 1976) . In the latter case the conversion can be calculated from (Levenspiel, 1972) :
The residence time distribution density function for the i-th CSTR can be defined as follows (Hill, 1977) :
where the symbols are again defined in the Nomenclature. The material balance of the substrate in a plug flow reactor with arbitrary space time using Michaelis-Menten kinetics is given by
Integration of Equation (6) respectively. Using Equations ( 5 ) and (9)-( I 1) in Equation (4), and performing a preliminary step of integration by parts, one obtains
The remaining integration may now proceed, after expansion of the integrating function as a MacLaurin series (Stephenson, 1973) , to give (Stephenson, 1973) may be used to prove that the right hand side of Equation (13) converges for all finite values of parameters K* and Dui.
If the exponential term preceding the summation in Equation (13) Since the radius of convergence of the power series resulting from the expansion of a simple exponential function is infinity (Spiegel, 1968 ), Cauchy's theorem for the product of two infinite power series can be used to ensure absolute convergence of the right hand side of Equation (14) over the whole real range (Kreyszig, 1979) . The convergence of the series implies that the absolute values of the terms decrease as n increases. Since the terms are alternatively positive and negative, the absolute value of the first term discarded is an upper bound for the truncation error. This argument is useful if an u priori estimate of the number of terms required for a given fractional error is desired. If, on the other hand, K*/Du, is small compared to n + 1, then Stirling's asymptotic approximation (Beyer, 1978) and the truncated expansion of In [ n + 1 1 as 4nl(2 + n) can be used for up to n = 50 in order to obtain THE CANADlAN JOURNAL OF CHEMICAL ENGINEERING. VOLUME 68, APRIL, 1990 Solving Equation (16), one obtains nmar,II,K*iDo, -as the largest integer that does not exceed the greater root. Appropriate values for Er are of the order of lo-'.
When parameter K* approaches zero Equation ( 
n + 2 + -
Combining Equations (2) and (23), one eventually obtains the rate of variation of CTcs with Cfcm. Equation (14) was combined with Equation (1) tabulated in Tables 1 and 2 for the case of K* equal to 10 -* and lo-', respectively. It was assumed in these tables that the size of each CSTR was obtained from Equations (1) and (3), respectively, which were derived under the assumption of complete micromixing. The analytical condition leading to Equation ( 
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The residence time distribution function for the whole series of reactors, obtained from the transfer function of each single CSTR (Stephanopoulos, 1984) by application of van der Laan's theorem (Villermaux, 1976) , reads
Using the rules of differentiation of an implicit function (Stephenson, 1973) , recalling Equation (26), and realizing Micromixing, C:cn,,(,p, (first row), and Complete Segregation, C:cs (second row), Under the Assumption that K* = lo-*, C: , , = 0.100, and Da, rs = Da, Lm . 
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Differentiating the integral term in Equation (26)
The limiting form of Equation (29) for the case of first order (Stephenson, 1973) according to Equations (27)- (28), one kinetics (i.e., K* > > C*) can be easily found to be CT,.F,,I,I, (first row), Du,,,. ,,,, , Table 3 for a number of values of K* and ratios of the consecutive concentrations. The corresponding corrected Damkahler numbers are also included.
Discussion
In a real fluid there is, in general, partial segregation: it can be considered as a mixture of microfluid and macrofluid (Dunn and Hsu, 1973) . However, the characterization of the state of mixing is not a straightforward task. The optimization of the series of CSTR's for each one of the two limiting behaviors of complete segregation and complete micromixing proves, therefore, more useful in the predesign steps of single-phase, isothermal enzymatic reactors than the aforementioned approach. For relatively viscous solutions. or for batches obtained from the addition of two independent fluids requiring long stirring times for complete homogenization, the model based on complete segregation is expected to provide better results than the complete micromixing counterpart.
A careful observation of Figure 1 gives rise to a number of interesting conclusions. For normalized concentrations above, say, 0.7 there is virtually no difference between the complete micromixing and the complete segregation models. This behavior was expected in the neighborhood of nil Da, as obtained from Equations (18) and (21) coupled with Equations (2) and (23). On the other hand, higher conversions of substrate yield greater differences between the two models, this fact being particularly significant for smaller K*. Therefore, the optimal design obtained from Equation ( 3 ) on the assumption of complete micromixing fails for fast biochemical reactions. This feature is emphasized in Tables 1 and   2 . The concentrations of substrate that would have been obtained at the outlet of the series of CSTR's using the optimal design suggested elsewhere (Luyben and Tramper, 1982) if the complete segregation model were valid are consistently above the expected concentrations under complete micromixing conditions. This is particularly true for a low number of units and/or a small value for K*. The optimal size of the CSTR series network based on the assumption of complete segregation yields, thus, a more conservative approach than the one obtained by using the complete micromixing model.
The Michaelis-Menten kinetic equation can be viewed as a kinetic equation of the power-law type provided that a varying order from zero to unity is considered. Since the substrate conversion for reactions with positive order less than unity increases with the degree of micromixing (Bailey and Ollis, 1986) , it is expected that the overall space time required to effect a given conversion of substrate under complete segregation be longer than under complete micromixing. Therefore, the actual reactor size required to bring about a given conversion is higher for the complete segregation model than is for the complete micromixing model. As the first-order asymptotic behavior is approached (i.e., large K*), the difference between the two micromixing models disappear (see Figure 1 ). This fact is also apparent from Equation (20) as compared to the solution of Equation
(1) for K* + Ctcrrl -K*. This observation may be justified using the superposition principle for linear systems (Bailey and Ollis, 1986) .
The results tabulated in Table 3 show the optimal intermediate concentrations for each set of two consecutive CSTR's with given inlet and outlet concentrations. Equation (14) was used instead of Equation (13) in the calculation of 3.14the normalized substrate concentrations under the segregation assumption because it is numerically much more stable. The range of conversions presented corresponds to the ratios usually found in industrial practice. As expected, larger values for K* and/or higher conversions give rise to greater Damkiihler numbers. Important to note is the fact that the intermediate optimal concentrations under the complete segregation assumption depend on parameter K* although the same does not hold for the complete micromixing model (Luyben and Tramper, 1982) . The optimal intermediate concentrations when K* tends to infinity approach the concentrations given by Equation (3), and the values for the intermediate Damkohler numbers agree with the result denoted as Equation (30). When K* approaches zero, the asymptotic zero order behavior leading to Equation (3 1) is approximatively satisfied as expected.
If only three units are employed, with a known overall conversion of substrate, the optimization may proceed as follows:
(i) arbitrarily select the concentration of solute at the outlet of the second reactor: (ii) use Table 3 to obtain the optimal concentration at the outlet of the first unit: (iii) take the value from (ii) together with the final concentration at the outlet of the third unit to obtain a new estimate for the concentration at the outlet of the second reactor; (iv) compare the two estimates and iterate the process if required until convergence is achieved. If more than three units are being considered generalization of the foregoing process is extremely tedious, as is the direct employment of Equation (29).
An alternative, yet more suitable approach for higher number of reactors can be devised as follows:
(i) compute Ctc,F,opf,K* -using Equation (3);
(ii) obtain Du,,cs,opr,K~ -from Equation ( = C, ; (see Gill et al., 1981; Bard, 1974) . The result given by the reciprocal of Equation (23) 
